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0. INTRODUCTION 
THE AIM of this paper is to exhibit some combinatorial topological properties of real 
algebraic sets. These properties are in the line of Sullivan’s condition on the local Euler 
characteristic of a real algebraic (or analytic) set. Let us recall this condition, in a way that 
will introduce the main result of this paper. 
Let X c R” be a real algebraic set, x a point of X. Let B(x, E) (resp. S(x, E)) denote the 
closed ball (resp. the sphere) with center x and radius E > 0. The local conic structure 
theorem says that, for E small enough, fi(x, c) n X is homeomorphic to the cone with vertex 
x and base S(x, E) n X, via a homeomorphism which preserves the distance to x. Hence the 
topological type of the space S(x, E) n X is independent of E, for E small enough; it is called 
rhe link of x in X, and dcnotcd by Ik(x, X). When X is a curve, then Ik(x, X) has two points 
for each real branch of X passing through x, and so Ik(x, X) consists of an even number of 
points. Sullivan’s condition says that this evenness is found in any dimension. 
THEOREM 0 [ 121. For uny point x ofthe real ulgebruic sef X c R”, the Euler churucteristic 
X(lk(x, X)) ofthe link ofx in X is euen. 
This condition, together with the fact that a compact real algebraic set has a finite 
triangulation, is sufficient to give a topological characterization of the compact real 
algebraic sets of dimension not greater than 2: a polyhedron of dimension at most 2 is 
homeomorphic to a real algebraic set if and only if it satisfies Sullivan’s condition [I], [2]. 
Akbulut and King have shown that this condition is not sufhcient in dimension 3. They 
have given other topological conditions, based on the notion of “topological resolution 
tower” [a]. We shall here extend Sullivan’s result, by considering topological conditions on 
the inclusion of real algebraic sets. We shall compare our results to those of Akbulut and 
King. 
Let us now introduce the main result of this paper. Consider X c R” a real algebraic set, 
and V c X an algebraic subset. Let x be a regular point of V, and let N,( V) be the normal 
space of Vat x in R”. Then X n N,( V) is an algebraic set containing x, and we may consider 
Ik(x, X n N,( V)) which we shall denote by Ik,( V, X), the link of Y in X at x. Sullivan’s 
condition shows that X(lk,( V, X)) is even. 
THEOREM I’. Ij V is an irreducible real algebraic subset of X, then the Euler characteristic 
X(lk,( V, X) of the link of V in X at x is generically constant modulo 4: there exists a non void 
open Zariski subset iJ of V such that, for any x and x’ in U: 
X(lk,( V, X)) s X(lk,-( V, X) mod 4. 
3?‘1 
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As an example of application of this theorem, we discuss the counterexample of Akbulut 
and King to the sufficiency of Sullivan’s condition in dimension 3 [S]. We shall take here for 
Euler characteristic of the link what it appears to be on the drawing; this will be justified by 
a lemma in the next section. Consider the suspension XX of the following 2-dimensional 
space X: 
The space X itself has an algebraic model. and its Euler characteristic is even. Hence its 
suspension XX satisfies Sullivan’s condition. Now suppose that CX has a real algebraic 
model, which WC shall still call XX. Let Y bc the subspacc of dimension I of X which 
appears in bold on the picture. The suspension I: Y c CX is scmialgcbmic, and its Zariski 
closurcfiY” is a 2-dimensional real algebraic subset of CX. The theorem above implies that 
dim(??‘\I: Y) < 2 (WC can say that 1 Y is almost algebraic). This is so bccausc any regular 
point x of %” contained in 2: Y satisfies x( Ik,(F’. ?IX) z 0 mod 4. and that if there wcrc -. 
a regular point y of x Y” not contained in I: Y, it should satisfy X(lk,(E Y”, I: X)) = 2 mod 4. 
Now consider the scmialgcbraic arc&i c x Y, and its Zariski closure G”. The thcorcm 
implies that almost any regular point of %” has to satisfy x( Ik,(%“, e”)) z 0 mod 4 and 
X(lk,(CaZ, %?“)) 3 2 mod4. An inspection of the drawing shows that no such regular 
point can exist outside %I, so E”\I:cl consists in a finite number of points. Then, if p is 
a suspension point, one would have that Ik(p, E”) is just one point, which is impossible. 
The paper is organized as follows. The first section contains some material about 
stratifications of real algebraic sets and links of strata. The second section is devoted to 
a “good projection” lemma. This lemma will be useful in the proof of the main theorem, 
given in the third section. Then, in the fourth section, the result obtained is compared with 
those of Akbulut and King concerning real algebraic sets of dimension 3. Finally some 
complementary results, obtained using valuation-theoretic methods, are given in Section 
five. 
1. STRATIFICATIONS OF REAL ALGEBRAIC SETS AND LINKS OF STRATA 
Suppose that the real algebraic set X c R” is stratified. Let S be a stratum of X, and 
x a point of S. Since S is a 55 r -submanifold of R”, we may consider N,(S), the normal space 
of S at x in R”, and define Ik,(S, X) as Ik,(x, N,(S) n X). If S is a stratum contained in a real 
algebraic subset Vof X with dim( V) = dim(S), and if x is a regular point of V, then lkk(S, X) 
is the same as lk,.. V, X) dcfincd above. Now, if the stratification of X satisfies the regularity 
conditions (a) and (h) of Whitney, then Ik,(S, X) is indcpcndent of the point x of S (this is 
a consequence of the local triviality property). So we can denote it by Ik(S, X), the link of the 
stratum S in X (cf. [6]. part I, chap. I). Here is now the main theorem, formulated in terms 
of links of strata. 
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THEOREM 1. Let X be a real algebraic set, and Van irreducible algebraic subset of X. We 
consider a stratification of X compatible with V, and satisfying Whitney’s regularity condi- 
tions. Let S and S’ be two strata of V, of dimension equal to the dimension of V. Then: 
X(lk(S, X)) E x(lk(S’, X)) mod 4. 
We have formulated the theorem in terms of stratifications satisfying Whitney’s regular- 
ity conditions because these are the most commonly used. But in the following, we shall use 
semialgebraic stratifications obtained via “cyclindrical algebraic decomposition”. The 
reason is that the proof of the main result will use an induction on the dimension, and that 
the cylindrical arrangement of these stratifications is convenient for this purpose. On the 
other hand these stratifications may not satisfy Whitney’s regularity conditions. Neverthe- 
less, they enjoy a local triviality property: any stratum has property (9) defined hereunder. 
This is what is needed to deal with links of strata. 
Definirion. Let X be a real algebraic set (or a closed semialgebraic set), and let C be 
a smooth semialgebraic subset of X. We say that C satisfies property (9) in X if there is 
a compact semialgebraic set 15, and a semialgebraic homeomorphism h from the product of 
ZE by the cone UJ* L with vertex w and base L. onto a neighborhood of C in X. such that 
h(I: x (w * L\L)) is open in X and that h(x, w) = x for any x in I. In this case L is called 
a semialgebraic link of Z in X. 
PROPOSITION I. (semitrlychruic intvtriancu of semicrlgehrcric links). Any two semialgebraic 
links L und L’ of 1 in X ure semialgc~hraically homclomorphic. So we can speuk of the 
semiulgehruic link of I: in X. and denote it by Ik(C. X ). Moreover. lf there are compact 
semiulgehruic s~h.scr.s M,, . . . , hfk of L(re.sp. M’, , . . . , ht; of L’) such thu( h(C x o* M,) 
and h’(C x w + M;) coincide in a neighborhood of 1, then we cun ask thut the semiulgebraic 
homcomorphism Ji-om L lo L’ curries Mi to 121;. 
Proof WC can suppose that E is a Nash manifold Nash-dilTcomorphic to ] - 1, I [“, and 
WC proceed by induction over d. First consider the cast where d = 0, i.e. C is a point x. We 
can suppose (eventually reducing a cone) that r = h( {x) x w * L) I h’( 1.x) x w + L’) = I-‘, 
and that r, = h( ix) x cry + Mi) 3 h( (x) x o t MI) = l-i. We then take two triangulations of 
r compatible with the T,. The first one comes from a triangulation of L compatible with the 
Mi, using the conic structure. We can do a similar thing to get a triangulation of r’, and 
then complete (eventually refining the triangulation of L’) to obtain the second triangula- 
tion of r. So we get two finite simplicial complexes semialgebraically homeomorphic to r, 
with subcomplexes homeomorphic to the Ti. By a result of Shiota and Yokoi (Theorem 4.1 
in [I I]). these complexes are piecewise-linear homeomorphic, with the homeomorphism 
sending the image of x to the image of x. and restricting to homeomorphisms of the 
subcomplexes corresponding to the same Ti (this last part is not obvious from the statement 
of the theorem, but may be seen on the proof). The link (in the piecewise linear sense) of the 
image of x in the first complex is semialgebraically homcomorphic to L, and in the second 
complex to L’; moreover the links in the subcomplexes corresponding to the Tr are 
semialgebraically homeomorphic to Mi and M; respectively. Now the piecewise linear 
invariance of links ([9], Lemma 2.19) gives the desired scmialgebraic homeomorphism 
between L and L’. 
Now we suppose that d > 0, and we look at the induction step. We consider XI which is 
the image of ] - 1, 1 [“-I x {0} in the Nash diffeomorphism from ] - I, I[“-’ x] - 1, I [ 
= ] - 1, I [” to II. Using this product structure of Z:, it may be checked that XI also satisfies 
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property (9) in X, and that the semialgebraic link L, of I: 1 in X may be chosen to be the 
suspension of the corresponding semialgebraic link L of Z. To complete the induction step, 
observe that L can be recovered as the semialgebraic link of a suspension point in L1. n 
Remarks. Proposition 3.5 in [S] gives that two semialgebraic links of points are 
homeomorphic. But there the homeomorphism is not semialgebraic, so we cannot take the 
induction step to prove the invariance of general semialgebraic links. 
If we drop the assumption of everything being semialgebraic in the definition of the link, 
it is still possible to prove the invariance of the homotopy type of the link (and hence of its 
Euler characteristic), following the proof of [IO] $32. Theorem 2. 
We have to check that the semialgebraic links and the links of strata of a stratification 
satisfying Whitney’s regularity conditions agree. Consider the situation of Theorem 1, and 
let I5 be a smooth semialgebraic subset of Vsatisfying property (9). with dim(Z) = dim( V) 
and such that Z n S # 0. Using a tubular neighborhood T of Z with orthogonal projec- 
tion p, and applying Hardt‘s local semialgebraic triviality of semialgebraic functions [7] to 
p, we can find a semialgebraic set U, open in S and in & such that p-‘(c/) is semialgebrai- 
tally homeomorphic to the product of U with a cone with base a compact semialgebraic set 
whose topological type is lk(S, X). The invariance of semialgebraic links shows that the 
semialgebraic link of I5 in X has the topological type of lk(S. X). 
We now turn to the stratifications that we shall USC in the sequel. We recall some facts 
about these stratifications, including the triviality property (property (Y)) that we need. 
For details, the reader is referred to chapter 9, section I of [3]. 
A .sfrat~jGny Jiimily of polynomiuls is a family (J,),= ,. . , nzl_ ,, . . , ,, of non constant 
polynomials with coefficients in R such that: 
(i) For a fixed i, the family (h.j)j-r ,..., ,, is a family of polynomials in R[Xr, . . . , X,]. 
Each of these polynomials, considcrcd as a polynomial in Xi, has a constant leading 
cocffrcicnt. and its derivative with respect to Xi, if non constant, is again in the family. 
(ii) For a fixed k > 1, if S c R’-’ is a connected subset on which any /i.,, i < k, has 
a constant sign (> 0, ~0, =O), then the set of zeroes in S x R c Rk of all the poly- 
nomials Sk,, is the union of graphs of a finite number of continuous functions 
r,<... < &,s,:S + R. 
Given a stratifying family of polynomials (fi.,)i= ,, , nzls ,, . . , ,, , denote by %k the finite 
semialgebraic partition of Rk consisting of all non empty subsets of the form 
S = fi /!i {XER’;J.j(X)Ei,jO} 
i=l j-1 
where .si., is one of the three signs < , > , or = . Then, for any k, %$ is a semialgebraic 
stratification of Rk. We are going to state some properties of these stratifications which we 
shall use. First we introduce some notations. 
Let .sI/~ be the set of those SE%‘~ such that at least one of the&, vanishes on S, and % the 
complement of sll;, in y. Let ll,:R” + Rk-’ be the projection which forgets the last 
coordinate. If S and Tare two strata of ‘&k, then T -+ S will mean S c adh(T), and r: S will 
mean that moreover dim(T) = dim(S) + I. Here are now the properties of the strat- 
ifications induced by stratifying families. 
(PI) For any k > 1 and any Socd;,, H,(S)E%-,. 
(PZ) Any SE%?~ is Nash-diffeomorphic to 10, 1 [dim(S); if k > 1 and SE.C/~, then S is the graph 
of a Nash function ss: H,(S) 4 R; if k > 1 and SE.&, then S is a part of the cylinder 
( P3) 
(P4) 
(PS) 
(P6) 
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l&(S) x R bounded by the graphs of two functions &_ < &+, or eventually un- 
bounded from under or from above. 
Let k > 1 and S~.sr!~; if pey_ 1 is such that II,(S) + p, then adh(S) n (p x 68) is an 
element of dk; if T E’%~_ 1 is such that T --, l&(S), then there exists TEJ& such that 
fI,( T) = T and T+ S. 
For any k and any d I k. the union of strata SE& of dimension not greater than d is 
an algebraic subset of Rk. 
If S and T are two strata of %k such that T + S, then there is a flag of strata 
1 I 1 1 
T=S,-+St_,-+...+SI-+S,,= S in ‘gk. If moreover dim( T) = dim(S) + 2, then 
there are precisely two such flags. 
If S and Tare two strata of ‘6k such that T A S, and dim(S) = d, then one can choose 
the Nash diffeomorphism 10, 1 [“’ ’ -+ Tof( P2) in order that it extends to a semialgeb- 
raic homeomorphism [0, 1 [ x 10, I [” + S u T. 
The stratifying families of polynomials may be used to stratify any given algebraic set. 
Let X be an algebraic subset of R” of dimension d. and Y,. . . . , Y, a finite family of 
semialgebraic subsets of X. Then there exists a Zariski open subset of the group of rotations 
O’(n), and for any rotation u in this open subset a stratifying family of polynomials such 
that: 
- the subsets u(X), u( Y,). . . . , u( Y.) are unions of strata of the stratification ‘6” associated 
to the stratifying family, 
- the projection on R” which forgets the last n--d coordinates, restricted to any stratum 
contained in u(X), is an homcomorphism on its image 
Let us now formulate the local triviality property for these stratifications. 
PWOPOSITION 2. Let ‘6: he the stratijcation of R” associated to a strutijying family of 
polynomials. Let S ~‘4~ he u strutum und let U(S) he the open neiyhhorhood ofS which is the 
union of all struts TE$, such thut S c adh( T). Then there are semiulgehraic sets F, with 
u distinyuished point o, and L such thut: 
(i) There exists a semiulyebruic homeomorphism h:S x F + U(S) such thut h(x, w) = x for 
all XES. 
(ii) For any strutum T c U(S), T # S, there exists a semialyebraic subset Fr c F such that 
h(S x F,) = T. 
(iii) There exists a semiulyebraic continuous surjeclion p: L x [0, I [ + F such thut 
p( L x (0)) = w and (hut the restriction pIL x ,0, ,( is an homeomorphism onto F\{o}. 
(ia) For any strutum T c U(S), T # S, there exists a semialyebruic subset Lr c L such that 
p( Lr x 10, I [) = Fr. und these Lr are the open cells of a cellulur decomposition of L. 
In purticulur, if X is an ulgebruic (or a closed semiulyebruic) subset of R” which is an union 
of strata of ‘C,, and S is contained in X, then S satisfies property (2) in X, and Ik(S, X) is the 
union of the Lr of the theorem, for T contained in X. 
All the material necessary for the proof of this proposition may bc found in the proof of 
Theorems 9.1.10 and 9.1.14 of [3]. Property (io) of the proposition shows that one has 
X(lk(S. X)) = i (- l)‘-d-’ mi(S), 
i-d+ I 
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where d is the dimension of S and m,(S) the number of i-dimensional strata Tof Wm contained 
in X and such that T -+ S. 
In the sequel, all the stratifications that we consider will be stratifications given by 
stratifying families of polynomials. 
2. A GOOD PROJECTION LEMMA 
The proof by induction will use projections, and we shall need projections having nice 
properties. We are going to prove in this section that it is always possible to choose such 
“nice” projections. 
LEMMA 1. Let Y be an algebraic subset of the affine space C”, of dimension d, and let W be 
an irreducible algebraic subset of Y, of dimension e -C d. Then there exists a Zariski-dense open 
subset R c>f the product of W by the Grassmanian Gn,n-d of (n - d)-dimensional C-linear 
subspaces of C” such that, for every (y, L)E R, if xL: Y 4 Cd denotes the projection parallel 
to L: 
(1) 7rL is Jinite; 
(2) 6 ‘bL(Y)) n w = { Y)i 
(3) the set n, ‘(x,( y))\( y 1 is contained in the set of reyular points of Y in dimension d; 
(4) the projection nL is etole at all points of n, ‘(nt,( y))\( y}. 
ProoJ: For i = 1. 2, 3,4, let B, the subset of W x Gn.n_d consisting of couples (y, L) 
which do not satisfy condition (i) of the statement of the lemma. It is sutiicicnt to show that 
each Ui is contained in a constructible set of dimension strictly less than e + d(n - d). 
If ( y. L) belongs to L3,, then the “part at infinity” L Ir of L meets the “part at infinity” 
Y, of Y. But L,, is a projcctivc subspacc of dimension n - d - I of the projective space 
P” - l(C), and Y, is an algebraic subspace of this space of dimension at most d - I. The 
dimension of the set of L, containing a fixed point of Y, is d(n - d - I), so the dimension 
of the set of L, meeting Y, is at most d - I + d(n - d - 1). So UI is contained in 
a constructible set of dimension at most e + d - I + d(n - d - 1) < e + d(n - d). 
The couple ( y. L) belongs to BL if and only if L contains a line C( y’ - y) with y’~ Wand 
y’ # y. For fixed y, the set of such lines is of dimension at most e, and the set of L containing 
such a line is of dimension e + d(n - d - I). So the set Bz is of dimension at most 
e+e+d(n-d- l)<e+d(n-d). 
The couple (y, L) belongs to 8s if and only if L contains a line C(,- - y) with z a singular 
point of Y different from y. The set of such points z is of dimension strictly less than d, and we 
can proceed as for Bz. 
If the couple (y, L) belongs to B4 without belonging to B,, then there exists a regular 
point z of Y, different from y, such that L contains the line C(z - y) and a line through the 
origin parallel to a tangent to Yin L. Consider first the case where these two lines are the 
same. For fixed y, the dimension of the set of lines tangent to Y passing through y is at most 
d - 1; so we conclude in this case as for B2. In the other case, for fixed y and 2, the set of lines 
tangent to Yin z is of dimension d - I, and the set of L which contain the line C(z - y) and 
a parallel, passing through the origin and distinct from C(-_ - y), to one of these tangents, is 
ofdimension d - 1 + d(n - d-2).Whenzandyvarywegetd+e+d- I +d(n-d-2) 
as upper bound for the dimension of the set of couples (y, L) in this case, and this number is 
strictly less than e + d(n - d). n 
We can indicate how the preceding lemma will be useful for counting strata. 
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LEMMA 2. L.et X t I?’ be a real algebraic set of dimension d, V c X an irreducible 
algebraic subset of dimension e < d. Then. up to a change of coordinates in Iw”, there is 
a strati/cation of X compatible with V such that, if q,d denotes rhe projectionfiom R” onto W*: 
(1) the restriction of qd to any stratum of X is an homeomorphism on its image; 
(2) tfS is a stratum of dimension e of V, o = n,.,(S), s a stratum of Rd such thar T + u, then 
the number 6(S) of strata T of X such that T = K.,*( T) and T C, S depends only on S and 
nof on r; 
(3) if S’ is an orher stratum of dimension e of V, then S(S) E ii mod 2. 
Proof: Let us call Ct’ (resp. Y) the complexification of C’ (resp. X ). and choose in C” 
a linear subspace L ofdimension n - d such that the set of yE Ct’satisfying the conditions (I) 
to (4) of Lemma 1 contains a dense Zariski-open subset of bV. Thanks to Lemma 1, it is 
always possible to find such an L. and even to find one which is the complexification of 
a R-linear space M. Up to a change of variables, we may suppose that 
M = {(x,,. . . ,&)EK &+, =. . . = ,‘I, = 0). Property (I) comes from the stratification. 
For (2). a general point of S satisfies conditions (3) and (4) of Lemma 1, and so the number 
8(S) is equal to the number of strata of X distinct of S which project on CJ. For (3). let 
w,,. . .1 W, be the irreducible components of dimension e of n; ‘( z[‘( W)‘) different from 
W, and let/;, be the degree of the projection nl, restricted to w. Then the conditions (2) to (4) 
of Lemma I show that S(S) is congruent to xf..,/i’ modulo 2. n 
3. PROOF OF TIIE MAIN TllEOREXl 
We shall need to prove a result apparently strongcr than Thcorcm I. 
THEOREM 2. Let X be a real al~gchraic set, and V un irreducible alyebraic subset of X. Let 
f be a polynomial function on X, such that V is contained in the zero set ofJ Let B + (resp. B _ ) 
be the set of XE X such thut f(x) 2 0 (resp. f(x) I; 0). We consider a stratification of 
X compatible with V, B, ond B_ . Let S and S’ be two strata of V, of dimension equal to the 
dimension of V. Then x(lk(S, B,)) - X(lk(S, B_)) is eoen. and 
X(lk(S, B+)) - x(lk(S, B-)) E X(lk(S’. B,)) - X(lk(S’, B_)) mod 4. 
It is clear that Theorem 2 implies Theorem 1, choosing for/ the square of an equation of 
V in X. We shall denote by “Theorem I,” (resp. “Theorem 2,“) the thesis of Theorem 1 
(resp. of Theorem 2), for X real algebraic set of dimension not greater than n. 
If n = 0, then X is a finite set of points and Theorem 2, is trivial. Suppose now n z= 0. and 
that Theorem 2,_, is proved. 
First step:Proof of Theorem 2 jijr X = R”. We may suppose that the polynomial 
f changes sign in R”, because otherwise 8, is the whole of R” and B- an algebraic set of 
dimension at most n - I (or vice-versa), and then we are reduced to Theorem I,_ 1; 
polynomial f may be written f = f, g*, with f, squarefree and changing sign in R”. Let Z be 
the union of V and of the zero set off,, which is of dimension n - 1. We may suppose V of 
dimension strictly less than n - I. because otherwise the theorem is clear in both possible 
cases, according to f changing or not sign along V. We then apply Lemma 2 to Z and V, 
denoting n: R” + R”- ’ the projection; following the notations of Lemma 2, b(S) denotes the 
number of strata of Z distinct from S and which project on x(S). We may suppose f manic 
with respect to the last variable. 
Toe 31:2-I 
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We calculate x( Ik(S; E,)) - X(lk(S; B_)) counting the strata T of W” such that T+ S. 
We make two clusters out of these strata. The first cluster consists of strata which project by 
n on a stratum of dimension at most n - 2 of lR”- ‘, or which are contained in the zero set of 
fr; their union is an algebraic set of dimension at most n - 1, and so we can apply 
Theorem 2.-r to it: the contribution of the strata of the first cluster in 
;(( Ik(S; B, )) - x( Ik(S; B _ )) is even, and it is the same module 4 for S’. So we are left with 
the second cluster. consisting of strata which project on a stratum of dimension n - 1 of 
w”- ’ and on which f, does not vanish. 
Let r be a stratum of dimension n - 1 of IV-l, with r --, n(S), and let us count the 
number of strata T contained in the zeroset off,, such that T+ S and n( T) = T. Such 
a stratum T separates two slices of the cylinder T x R on whichftakes opposite signs. The 
number of such T is congruent to deg(f,,) - S(S) modulo 2; the parity does not depend 
on r. If this number is odd, the strata of the second cluster contribute for 0 in 
x( lk(S; B + )) - x( Ik(S: B _ )). whereas if it is even they contribute for &E(S), where E(S) is the 
number of strata r of dimension n - 1 of II?‘-’ with T -. n(S). This number E(S) is even and 
we have c(S) = c(S’) mod 4. according to Theorem I,_, applied to the union of strata of 
dimension at most n - 2 of R”-’ and t o n(V)“. This is the end of the first step. n 
Second step: Proof o/ Tkorem 1,. Let us suppose that X is irreducible of dimension n. 
Actually if X is union of algebraic sets XI and X2, we have: 
%(lk(S. X)) = x(lk(S. X, u I’)) + X(lk(S. X, u C’)) - X(lk(S, (X, n X,) u b’). 
Notice that if b’is not contained in X,, we have x(lk(S. X, u V)) = 0. WC USC now Lemma 
2 for X and C’. Hcncc we get a finite projection R: X --* R”. This projection makes the field of 
rational functions R(X) a finite algebraic extension of R(x,, . . . , x,). 
Let us dcnotc by IIE R[.x,, . . . , x,, y] the minimal polymonial (manic in y) of a primi- 
tivc clomcnt of this extension, and by AE R[x,, . . . , x,] the discriminant of h with respect 
to y. Let us fix an ordering on R(x,, . . . , x,). It is easy to see ([ 133, $82) that the number of 
roots of h in the real algebraic closure of R(x,, . . . , x,) for this ordering. is congruent to 
dcg(h) module 4 if A is positive (for the fixed ordering), and to dcg( h) - 2 if A is negative. 
Let r br a stratum of dimension n of R”. By the previous remark the number of strata 
T of X such that n( T) = T, is congruent to dcg(h) modulo 4 if A is positive on T, and to 
dcg(h) - 2 otherwise. Let a+(S) (resp. a_(S)) denote the number of strata T of dimension n of 
R” such that r ---* n(S) and A is positive (rcsp. negative) on ‘I. Then, if we note by /I(S) the 
number of strata T of dimension n of X such that T-r S, we obtain: 
p(S) = (deg(h) - 6(S)) x (a+(S) + a_(S)) - 2a_(S) mod4. 
We know already that r + (S) + a_(S) is even and congruent to a+ (S’) + a_ (S’) modulo 4, 
following Theorem I,_, applied to the union of strata of dimension at most n - I of R” and 
to n( V)“. We know also, according to Lemma 2, that S(S) is congruent to S(S’) module 2. If 
WC can moreover show that x _ (S) is congruent to a _ (S’) modulo 2, we shall know that p(S) 
is congruent to /?(S’) modulo 4. This, together with Theorem I,_, for the union of strata of 
dimension at most n - I of X and for V, would give us Theorem 1 n for X and V. Let us show 
that r+(S) - x_(S) is congruent to a+(S’) - a_(S’) module 4, which will imply what we 
want. 
Let C, (resp. C_) bc the set of XE R” such that A(x) 2 0 (resp. A(x) ZG 0). Let us define 
0 = n(S) and u’ = n(S). We know, following the first step of the proof, that 
X(lk(a, C, )) - X(lk(a, C-)) is even. and congruent to X(lk(a’, C,)) - X(lk(n’, C-)) module 
4. This result. and the analogous result for the union of strata of dimension at most n - 1 of 
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w” obtained via Theorem 2,_, , show that r,(S) - r_(S) is even, and congruent to 
a+(S) - a_(S) modulo 4. n 
Third step: Proof of Theorem 2,. We are given X, f and V as in the statement of 
Theorem 2. Consider 
Y = ((x, t)oX x R; t2 =J(x)). 
We identify V with the subset Vx (0) of Y. We easily see that X(lk(S. Y)) - X(lk(S, X)) is 
equal to x(lk(S. B,)) - X(lk(S, B_)). Theorem I, applied to both X and Y gives us the 
conclusion of Theorem 2,. n 
4. COhlPARlSON WITH RESULTS OF AKBULUT AND KING 
Let X be a real algebraic set, with a stratification induced by a stratifying family of 
polynomials. Let S be a codimension 2 stratum of X. Following [B]. define numbers xi(S)+ 
i = 0, I. 2, 3, as follows ( # means “cardinal of”): 
xi(S) = #{TAS; #{UL Tj E 2i mod8} 
Let C,(X) (rcsp. C,(X)) be the union of strata of X of codimension at least 2 and of strata 
T of codimcnsion I such that x(lk(T, X)) E 0 (resp. 2) mod 4. Both C,(X) and C,(X) are 
algebraic subsets of X. Hence the sums z,(S) + zl(S) and a,(S) + rJ(S), which are respcct- 
ively x( Ik(S, C,(X))) and x( Ik(S. C,(X))), arc even. Then define c(S) = (c”(S), E, (S). c2(S), . 
Q(S))E(Z/~)* by: 
co(S) = z,(S) mod 2. r:,(S) = a,(S) mod2. 
cz(S) = 
a,,(S) + az(*S) 
2 
mod 2, c,(S) = a1 (S) + a3(S) mod * 
2 
TttEoReM 3 (cf. 183. Theorem 6). If S und S’ ure two codimensian 2 strutu which hur,eji)r 
Zoriski closure the sume irreducible ulyehruic s&set of X, then E(S) = E(S’). 
Actually the result which may bc found in [B] is more local: it is proved when S and S 
arc adjacent to the same codimcnsion 3 stratum, and belong to the same branch of the 
codimension 2 skeleton passing through this stratum. We shall give a proof of Theorem 
3 later (see the remark after the corollary to Theorem 4). Here is a sketch of proof using the 
techniques of [83, provided to us by the referee. The notations arc those of [S], with 
X = X,, and XI, the k-skeleton of the stratification of X. Let V,_, = I’,“_, u Vi-,, where 
VL_, is the proper transform of C,(X). Let I’:_,.. be the Zariski closure of 
K--U%\ uicn_, V,.,_,).Anyp~Sliftstoauniquep’~V,_,\ ~,<~_~V~.~_~).Then: 
Ed E #(I$-, np,-_L2.._,(p’)) mod2 
cJ(S) = #(V,!-, np.--‘2..-I(p’)) mod2 
so(S) 5 #(Yno- *.n n p.--‘z,.(p’)) mod 2 
s,(S) = EJS) f #(K!-i..np.--‘2..(p’)) mod2 
By degree theory of regular functions, each of these numbers is the same modulo 2 for 
a generic point of any particular irreducible component of V,_,. 
Theorem 3 is the result which is used in l-83 to establish the counterexample discussed in 
Section 2. Using Theorem I and the remarks above, we easily get that, under the hypothesis 
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of the theorem, we have cZ(S) = Ed and Ed = Q(S)). Also. since property (P5) tells us 
that 
X(lk(S, X)) E 1 Zi(S) - 1 izi(S) m&4, 
1 i 
we get that &O(S) + Ed = Ed + cl(S’). Actually we have not up to now recovered the 
full strength of the result of Akbulut and King. Consider for instance the following 
2-dimensional space X: 
The suspension IX satisfies Sullivan’s condition. Suppose that it has an algebraic model, 
stratified via a stratifying family of polynomials. If S is a l-dimensional stratum contained in 
the arc& c XX, then WC have c(S) = (I. 0,O. r:,(S)), and it is easily verified that no 
I-dimensional stralum outside &I can have the same c. So CX has no algebraic model. But 
this cannot bc dctcctcd by USC of Thcorcm I, since with this sole result WC cannot conclude 
that a I-dimensional stratum S’ contained in the arc 2.h c XX has not the same Zariski 
closure as the S above; remark that E(S’) = (0, I, 0, Ed). 
The paper [I] contains also a statement about the sufficiency of the condition on E. 
For instance, this statement implies that the suspension E Y of the following 2-dimensional 
space y: 
has an algebraic model. This example is important for the following question: 
(id) Is it possible to find a real algebraic set X of dimension d > 1, a Nash arccp: ] - 1, I[ 
--*X such that cp(] - I, O[) is open in X, and that cp(]O, I [) has a neighborhood in 
X which is a topological manifold of dimension d? 
The Zariski closure of rp(] - 1, I[) is an irreducible algebraic subset of dimension 1 of X. 
We can suppose that S = cp(] - I, O[) and s’ = ~(10, I [) are strata of a stratification of X, 
and we have x(lk(S, X)) = 0 and X(lk(S’, X)) = 0 or 2 according to d being odd or even. We 
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can apply Theorem 1 to this situation, and we get that (id) has a negative answer when d is 
even. In the case when d is odd, we also get a negative answer when we suppose moreover 
that X is an hypersurface in jwdcl. For then, let f be a squarefree equation of X, and 
apply Theorem 2 with B, (resp B_) = {xEIW~+~; f(x) 2 0 (resp. 5 O)]. We obtain 
X(lk(S, B+)) - x(lk(S. II_)) = +2, and X(lk(S’, B.)) - X(lk(S’, I?_)) = 0. 
Now come back to an algebraic model of 1 Y above, which we shall still call Z Y. If S is 
a l-dimensional stratum of a stratification of Z Y. then we have X(lk(S. E Y)) = 0 mod 4 only 
in case where S is contained in the suspension of the point a, or in the suspension of the 
sphere minus the point where it is tangent to the circle which is, outside of the suspension 
point, a topological manifold of dimension 3. Here we get a positive answer to (iJ), and also 
a real agebraic set which is topologically embeddable in BBJ. but which is not homeomorphic 
to an algebraic subset of R*. Of course, it would be much nicer to have a direct proof of the 
algebraicity of C Y. 
5. MORE RESULTS ON CttAlNS OF tNCLUSlON OF REAL ALGEBRAIC SETS 
We have seen in the preceding section that the invariance modulo 4 of the Euler 
characteristic of links is not sufficient to characterize real algebraic sets of dimension 3. 
Remark that there is no hope to have a result like Theorem I telling for instance that the 
sum of the Betti numbers of links is invariant module 4, or that Bctti numbers themselves 
arc invariant modulo 2. Let us consider the set X = q-‘(O) c 58’. where 
c/(f. .V. I’, :) = (9 + yz - tx’)(? - t(.v2 + y’)), 
WC take r-axis as V, and put S = Yn {I > 0). S’ = Vn {I c 0). Clearly Ik(S’, X) is an 
empty set, whcrcas Ik(S, X) is conncctcd and the sum of its Bctti numbers is equal to 6. 
We shall get further combinatorial conditions by considering chains of inclusions of real 
algebraic sets. Hcrc is the central result of this section. 
Tur:ottri~ 4. Let X, c X2 c . . . c XI, he real ulyehruic sets, with dim( X,) = d + i/or 
I= ,..., I k. Suppose thut we huve (I strutifirotion of Xk induced by a strutifyiny family of 
polynomials and compatible with ~11 these algebraic subsets, and let S be a d-dimensional 
stratum contained in X,. Let @(S, X,, X,, . . . , X,) be the number of jags of strata 
I 1 
T,+ T,_, +. . . J+ TI -!+ S such that 7;: c Xi for i = 1,. . , k. Then: 
(i) @(S, XI, X1,. . . , X,) is divisible by 2’; 
(ii) ifs’ is another d-dimensional strutum such thut S and S’ have for Zariski closure the same 
irreducible ulyebruic subset of XL, we huce: 
W.X,,X2,. . ,,Xk)E~(S),X,,X2r...rXk)mOd2k+' 
This theorem is not obviously related with Euler characteristic of links. But we have for 
k = 2: 
LEMMA 3. Wirh the hypotheses and the notation of the theorem, we hate: 
@(S. XI, X,) = x(lk(S. Xz)\lk(S, X,)) - NW, X,)) + X(lk(S, X,)) 
Proo/: The link of S in XZ consists of O-cells and l-cells corresponding to strata Tsuch 
that T+ S, and the link of S in X, consists of some of the 0-cells. Remark that the two 
extremities of a I-ccl1 are diffcrcnt. The drawing 
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shows that the difference Ik(S, X,)\,lk(S, X,) is homotopic to a cell complex obtained from 
Ik(S, X,) by replacing each O-cell in Ik(S, X,) by as many O-cells as there are l-cells adjacent 
to it. Since @(S, XI, X,) is the total number of these adjacencies. the equality of the lemma is 
clear. n 
COROLLARY. Let X, c X1 be real algebraic sets with dim(X,) = dim(X*) - I. Suppose 
that we hare a stratification of X2 iduced by a strutifyiny filmily of polynomials and 
computible with XL, and let S be a (dim( X,) - 2)dimensional stratum contained in X 1. Then: 
(i) (Ik(S, X,)\lk(S, X,)) - X(lk(S, X,) + X(lk(S. X,)) is dioisihle by 4; 
(ii) if S’ is another (dim(Xz) - 2)dimensional stratum such rhur S und s’ huve for Zariski 
closure the sume irreducible algebraic subset of X,, we huue: 
x(MS. X,)\lk(S, X,)) - X(lk(S, X,)) + NG, X,)) = 
X(lk(S’, X,)\lk(S’, X,)) - X(lk(.S’, X1)) + X(lk(S’. X,)) mod 8 
Remurk. With this corollary we recover the full information contained in the e-invariant 
of [g]. Actually. with the notations of Section 4, wc have, for a real algebraic set X with 
a stratification induced by a stratifying family of polynomials and S a codimcnsion 
2 stratum of X: 
E”(S) = :x[(Ik(S, X)\lk(S, C,(X))) - X(lk(S, X)) + X(lk(S, C,(X)))] mod 2. 
We now proceed to the 
Proof of Theorem 4. We intcrprct flags of strata in terms of chains of specializations of 
points of the real spectrum, and then WC consider the underlying chain of specializations of 
places. We refer to chapters 7 and IO of [3] for the real spectrum, and for the relations 
between orders and places. WC shall denote as usual by A’the constructible subset of the real 
spectrum of the coordinate ring of X corresponding to the semialgebraic subset A of X. The 
notation /I + z: means that a is a specialization of 8, and we write /I A a when moreover 
dim@) = dim(z) + 1. The support of a, denoted supp(sc), is the irreducible algebraic subset 
of X whose prime ideal is the ideal of polynomial functions f such that f (a) = 0 (there is 
a small difference with [3]. where the support is the prime ideal). The order on the function 
field k(supp(z)) determined by a is dcnotcd by 5 #. 
A specialization fl -+ z induces a place on the field k(supp( p)) with center supp(z). The 
valuation ring of this place is the convex hull of the local ring of supp( b) at supp(z), for the 
order 5 @. The residue field of this place is endowed with an order induced by 5 @, which 
makes it an ordered extension of (k(supp(x), 5 ,). If moreover /I-f, a, then the place is 
discrete rank one, and its residue field is a finite algebraic extension of k(supp(cr)). When we 
have a chain of specializations: 
1 I 1 I 
ay-+at-, +. . .+a, +a0 
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we get a chain of specializations of places (cf. [14], chap. VI. 93) 0, -, B2 4. . . + Bk. on 
k(~upp(z~)), each Bi being discrete rank i and with residue field a finite algebraic extension of 
k(suPP(xk-i)). 
Now come back to the situation of the theorem. and choose z,,E~ such that 
supp(z,) = sz. Consider a flag of strata 
1 1 I I 
T,+Tk_,+...+T,+S 
with Ti c Xi. Then there is one and only one chain of specializations 
I I 
zt4&_l -. . . -!+ 2, -!+ z. such that ZiE z (and supp(z,) is an irreducible component of 
Xi of maximal dimension). Hence to any such flag we have associated a chain of irreducible 
algebraic sets Pi I I$ _ , 3 . . . 3 V, ZJ V. = .?‘, each C{ (= 7:) being an irreducible com- 
ponent of maximal dimension of Xi for i > 0, and a chain of specialization of places 
o,-+t?z-+... + flk on k( C;), each Oi with center vk_i. Observe that there is a finite number 
of such data. When we have such a datum, we recover a chain of specializations in the real 
spectrum (and hence a tlnp of strata) by choosing an order on k( V,) compatible with the 
place 8k and inducing on the residue field k(&) an order which is an extension of I ,,,. 
An order on k(flk) has 2’ liftings a 0 g k I n 8 : one has to choose the signs of the k uniformiz- 
ing parameters. This gives the first assertion of the theorem. When we rcplacc S by an other 
stratum S’ with the same Zariski closure, WC have to change the order z,,. But the number of 
extensions to k(l),) of an order on k(s’) is always congruent modulo 2 to the dcprcc 
[k(O,):k(s”)]. The second assertion follows. n 
RerrrurX-s. (a) Thcrc arc more informations in [4]. For instance, how to compute the K- 
invariant of [XJ from the chains of specializations of places. Also, an cxprcssion of 
@(S. X,, X2. X3) in terms of Euler characteristic of links. 
(b) The valuation-thcorctic method in the proof could be rcplaccd by resolution towers 
18). as pointed out by the rcfcrec. 
(c) We do not know whether the corollary (and similar results for longer chains) holds 
without the codimansion 1 hypothesis. 
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